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Y u .  N. A n d r e e v  a n d  A.  K h .  S l o b o d y a n s k i i  UDC 536.244: 532.546 

Three  extremal problems of heat t r ans fe r  in a layer  a re  formulated for the condition of r e -  
ve rse  motion of the thermal  medium. The resul ts  of numerical  solutions of the problems are  
presented in graphical form.  

Wide use is made in industry of the blowing method for thermal  process ing  of porous mater ia ls .  To 
obtain a more  uniform tempera ture  distribution along the height of the mater ia l  being t reated and to ac -  
celerate  the thermal  p rocess  to which it is subjected, in continuous-action assembl ies  it is frequently the 
prac t ice  to change the direct ion of blowing of the thermal  medium in adjacent zones. This procedure  is 
adopted, for example, in the drying and heat treating of a mineral ized coating [1]. It is necessa ry  to have 
a basis  for choosing the rat io of zone lengths in the chambers  for heat treating mineral ized plates.  

We consider a two-zone chamber for the heat t reatment  of a porous material, as indicated in Fig. 1. 
The speed of movement of the mater ia l  being p rocessed  is constant and equal to w; then the blowing time of 
the layer  in the f irst  zone is r 1 = /l/W, whilst in the second it is r 2 = r 0 -  ~'1 = (10-/1)/w, where ~'0 is the 
total heat- t reatment  t ime. In designing such an assembly  the following problems a r i se .  

1. For what value of ~'l (z0 is fixed) will the maximum heat be assimilated by the material ;  or, equiv- 
alently, when will the maximum mean tempera ture  of the mater ia l  be attained ? 

2. For what value of ~'1 (~'0 is fixed) will the minimum tempera ture  along the height of the layer  be 
maximum at the instant that the heating p rocess  te rminates  ? 
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Fig. 1. Schematic of a two-zone chamber for heating 
a porous mater ia l  by blowing through of a thermal  
medium. 
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3. What cho ice  of the r a t i o  of T 1 and "r 0 should be  m a d e  to e n s u r e  that ,  at  the  ins tant  of unloading,  the 
the t e m p e r a t u r e  of each  point  of the l a y e r  will  be  no lower  than  the t e chno log i ca l l y  a s s i g n e d  t e m -  
p e r a t u r e  fo r  a m i n i m u m  tota l  t i m e  of t r e a t m e n t ,  ~'0 = rain ? 

We now f o r m u l a t e  t he se  p r o b l e m s  exac t ly ,  noting that  the heat ing  p r o c e s s  m a y  be  d e s c r i b e d  by known 
equa t ions  for  heat  t r a n s f e r  in a l aye r ;  w r i t t e n  in d i m e n s i o n l e s s  fo rm ,  they  a r e  [2, 3]: 

aO - - = O g - - O ;  0...~Z~.<Zo; O = O ( F ,  Z), 
OZ (1) 

_OOg =Og--O; 0 ~ . < f ~ F 0 ;  Og=Og(F ,  Z) 
OF 

with the  in i t ia l  and b o u n d a r y  condi t ions  

O(F, 0 ) =  1; (2) 

Og(Fo, Z ) = 0  fo r :0~Z~<Z1 ;  
Og(0, Z) = 0 for Z 1 .<. Z ~< Zo. 

T h e  t r a n s i t i o n  to d i m e n s i o n a l  quan t i t i e s  is  a c c o m p l i s h e d  by  m e a n s  of the equa t ions  

0 = tOg - l (F,Z) ~ - -  t 8 (F,Z) 
 g_tO ; % =   g_tO - ,  (3) 

w h e r e  F = Xav/mWgC ~ i s  a t h i c k n e s s  number ;  Z = OZv(~'-- X/Wg)/(1 - m)c  is  a t i m e  n u m b e r .  We o b s e r ; e  
that  to  the m a x i m u m ] a y e r  t e m p e r a t u r e  t t h e r e  c o r r e s p o n d s  the m i n i m u m  d i m e n s i o n l e s s  t e m p e r a t u r e  . 
We neg lec t  the quan t i ty  X/Wg in c o m p a r i s o n  with ~-, a s s u m i n g  that  1- >> X/Wg. Th i s  a s s u m p t i o n  holds for  
the m a j o r i t y  of p r a c t i c a l  p r o b l e m s .  F o r  examp le ,  for  a m i n e r a l i z e d  coat ing,  T m 200 X/Wg. We thus  
c o m p u t e  the  t i m e  n u m b e r  Z f r o m  the equa t ion  

Z au -- , .  (4) 
( l - - m )  c 

M o r e o v e r  in our ca l cu l a t i ons  we obtain  s o m e w h a t  e x c e s s i v e  va lue s  of the to ta l  heat ing  t i m e  "%. T h e  d i -  
m e n s i o n l e s s  t e m p e r a t u r e  d i s t r i bu t ion  in the  l a y e r  at the ins tan t  of change  in the b l o w - t h r o u g h  d i r e c t i o n  at 
Z = Z 1 has  the  f o r m  [3] 

Fo--F 

O (F, Z~) --~ exp [ - -  (F o - -  F -k- Za)l Io (2 V-(F o - -  F) Z~) -I- .l exp [--  Z~ - -  rl] 1 o (2 ]/Z--~) d n. (5) 
o 

Tak ing  th i s  a s  the in i t ia l  t e m p e r a t u r e  d i s t r ibu t ion ,  we d e t e r m i n e ,  us ing  a r e s u l t  g iven in [4], the t e m p e r a -  
t u r e  of the l a y e r  at the  ins tan t  Z = Z 0 that  the p r o c e s s  t e r m i n a t e s :  

F 

O(F, Fo, Z~, Z0)=exp( - -Zo)  {II(Z1, Fo--F)+ ~ W(Zo--Z~, 71)II(Z~, Fo--F+~l)  d~l}. (6) 
0 

Here and hence fo r th ,  

F 

II (Z, F) = exp ( - -  F) I o (2 ]/ffZ) -l- S exp (--  ~) I o (2 1 / ~ )  d~; 
o 

(Z, F) = exp ( - -  F) 11 (2 l/Z-F) g ' z ~  ; 

(7) 

I 0 and ! t a r e  B e s s e l  func t ions  of an i m a g i n a r y  a r g u m e n t .  

In a c c o r d  with  the p r o b l e m s  s t a t ed  above ,  our  i n t e r e s t  c e n t e r s  on the fol lowing e x t r e m a l  p r o p e r t i e s  
of the t e m p e r a t u r e  d i s t r i bu t i on  (6): 

1. For  what  va lue  of Z t E [0, Z0] (F 0, Z 0 a r e  given) does  the funct ion 
Fo 

q5~ (Z1) = S 0 (F, Fo, Zl, Zo) dF (8) 
o 

a s s u m e  i t s  m i n i m u m  va lue  ? 

2. Fo r  what  va lue  of ZI(F0, Z 0 a r e  given) does  the funct ion 

q51 (Z1)= max O(F, Fo, Z1, Zo). (9) 
a t t a in  i t s  m i n i m u m  ? Fc[O.Fo] 
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3. What must  be the values  of Z 1 and Z 0 (F 0 fixed) in o rder  that the function (9) at tain a given value 
~1 = ~ lg i ven  for the smal les t  poss ib le  value of Z 0 ? 

It is not hard  to see  that the solution of P r o b l e m  3 can be obtained if the solution of P r o b l e m  2 is  
known. The p rocedure  is  to change the given value Z 0 in P r o b l e m  2 as long as the function (9) has not a s -  
sumed a given value.  

1. F i r s t  of all, we note that for a one-s ided  blow-through into the layer  a s t r i c t ly  monotonic t e m p e r -  
a ture  distr ibution is  established,  whereby the l a y e r s  posit ioned close to the plane of blowing of the t he rma l  
medium a re  heated to a v e r y  high t e m p e r a t u r e .  

That  for  a r b i t r a r y  Z 1, the function @ (F, Z1), defined by Eq. (5), is a s t r i c t ly  monotonical ly i n c r e a s -  
ing function of its a rgument  F may eas i ly  be conf i rmed by a direct  ver i f ica t ion  of the sign of its de r i v a -  
t ive.  

Thus the main  question in connection with P r o b l e m  1 may  be reduced  to the following. If as a resu l t  
of a one-s ided  blow-through into the layer  a s t r i c t ly  monotonic t e m p e r a t u r e  dis t r ibut ion is established,  
f r o m  what side should the blow-through be produced to obtain the m a x i m u m  mean  t e m p e r a t u r e  in the m a -  
t e r i a l  of the layer  ? 

We consider  the s imples t  model .  Assume  that the initial t e m p e r a t u r e  of the layer  changes l inear ly  
through its  thickness:  

t(O, x ) = t ~  + t '  + k ( x - - 1 ) ;  0 ~ x . ~ < 2  (10) 

and that, af ter  a calculated interval  of t ime,  its dis t r ibut ion r e m a i n s  the same .  The t e m p e r a t u r e  in the 
middle of the layer  is t(1) = t ' .  Gas b lowing into the layer  takes  place  at x = 0. I t i s  obvious that for k 
< 0 we have blowing f r o m  the "hot ~ side of the layer ,  and for  k > 0 f r o m  the "cold" side.  With a unit hea t -  
t r an s f e r  coefficient we have the following equation for the t e m p e r a t u r e  of the gases :  

cttg _ t g - -  t ~ = tg ~ t' - -  k (x - -  1); 
dx (:11) 

tg(0) :-- t~; �9 0 < x . ~  2,. : 

the solution of which is  obviously of the f o r m  

tg(X) = ( t~ - - t '  + 2k) exp (--x) -~ (t ' -+ k x - - .  2k). (12) 

In addition, the amount of heat given off by the gas  is de te rmined  by the express ion  

2 
O = J" (tg-- t ~ dx = ( t~ - - t ' )  [1-- exp (--  2)1 - -  2k exp (--2). (13) 

0 

F r o m  this it is  evident that the gas  r e l e a s e s  the m a x i m u m  amount of heat when k < 0, i . e . ,  for  b low- 
through f r o m  the "hot" s ide.  

This  holds t rue  even in the general  case  of an a r b i t r a r y  s t r i c t ly  monotonic initial t e m p e r a t u r e  d i s -  
t r ibut ion in the l aye r .  

Since each change in the blow-through direction,  at leas t  in the initial s tage of the p rocess ,  leads 
to blowing of the t he rm a l  med ium f r o m  the ncold" side of a s t r i c t ly  monotonic t e m p e r a t u r e  dis t r ibut ion in 
the layer ,  we may  expect a lowering of the mean t e m p e r a t u r e  of the layer  in compar i son  with the case  in 
which the blow-through is continued in the same  direct ion.  The numer ica l  calculat ions of the values  of the 
function (8), which we c a r r i e d  out for  va r ious  va lues  of Z 1, conf i rm this r e su l t .  

The values  of t he  function ~0(Z1) obtained in these  calculat ions a r e  p resen ted  in Table  1. We reca l l  
that to the min imum of the function ~0(Zl), Z~ E [0, Z0], which is at tained on the boundar ies  of the domain 
where  the function is defined I Zl = 0; Z 1 = ZoI, the re  co r re sponds  the m a x i m u m  of the dimensional  mean  
t e m p e r a t u r e  of the m a t e r i a l  in the l aye r .  

TABLE 1. Values of the Function ~0(Zl) 

z, I 0.o ] 0,5 I 1,0 h5 I 2,0 ! 2,.5 [ a,o 

O, 133990 I " [ t .Fo=l ; Zo:3 0,142661 0,146338 0,147831 0,146337 0,142661 0,133990 
Fo=3; Zo=3 0,318705 0,351521 0,37227710,378775"t 0,372278/0,351521 ] 0,318705 
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Fig. 2. Dimensionless temperature distribution over 
the layer at various lengths of the first  treatment 

zone Zi; F 0= 1, Z 0 =3.  

It is of interest that the function is symmetric with respect to the point Z i = Z0/2. 

We have not been successful in obtaining a rigorous proof, by means of an analytical study, that the 
function (8) is  symmetric.  We note that for points which are symmetric about the value Z I = Z0/2 only the 
values of the function ~0(Zl) are equal, i . e . ,  the areas  under the temperature distributions obtained, which 
are themselves temperature distributions, differ substantially from one another. This is shown in Fig. 2, 
where distributions of the dimensionless temperature of the layer are  presented for Example 1. The d is -  
tributions for the symmetric values Z I = 0.5, Z I = 2.5, and Z I = 1.0; Z I = 2.0, which correspond to one and 
the same mean temperature, are: @0(0.5) = ~0(2.5) = 0.142661, ~0(1.0) = ~0(2.0) = 0.146337; from the point 
of view of the temperature level attained (the value of the function @I(Zl)) the values are  substantially dif- 
ferent: �9 0(0.5) = 0.20795; @I(2.5) = 0.18168; ~i(1.0) = 0.18464; ~i(2.0) = 0.15452. 

2. In formulating an algorith for calculating the values of @i(Zl) for an a rb i t ra ry  fixed value of Z I, 
study of the derivative of the function | (F, F 0, Z i, Z0) with respect to F plays an essential role; this de-  
rivative is given by 

f (F) ---- dO (F, F~ Z,, Z o) = exp (--  Z0) {II (Z1, Fo) ~ (Z o " Z 1 ,  F) 

F 

. - -  "U~ (Zl, F o _  F ) -  t 7 1F (Z o Zl, 1]) ~r (Zl, F o - - F  A_ ff]) d~]l " (I4) 
,2 l 
0 

It may  be ve r i f i ed  d i r ec t l y  that  the funct ion f(F) has not m o r e  than one z e r o  on the in te rva l  [0, F0] 
for  an a r b i t r a r y  fixed value  of Z 1. M o r e o v e r ,  if  t he re  ex i s t s  a point F*, sa t i s fy ing  the condi t ion f(F*) 
= 0, then at this  point  the funct ion | a t t a ins  a s t r i c t  m a x i m u m  with r e s p e c t  to F. 

Using this  r esu l t ,  we can r e a d i l y  f o r m u l a t e  an  a l g o r i t h m  for  ca lcu la t ing  the funct ion ~l(Z1) for  a r b i -  
t r a r y  Z1, 

A s e a r c h  for  the m i n i m u m  of the funct ion el(Z1) with Z 1 E [0, Z0] m a y  be o rgan i zed  by m e a n s  of an 
a r b i t r a r y  known method  of s e a r c h  for  the e x t r e m u m  of a unimodal  funct ion.  In our  ca lcu la t ions  we used  
a s e a r c h  method  over  d i s c r e t e  poin ts  ( F i b o n a c c i ' s  method) [5]. 

The  va lue  of  Z ~ (the m i n i m u m  point  of the funct ion (9)) was  ca lcu la ted  with an a c c u r a c y  of 10 -3. The  
i n t eg ra l s  in Eqs .  (6) and (13) w e r e  compt~ted by  Gauss '  me thod  for  n = 14 [6]. The  ca lcu la t ions  were  p e r -  
f o r m e d  on the M-220 c o m p u t e r  in the r ange  1 -< F 0 -< 10; 0.01 -< | -< 1.00. 

R e s u l t s  of the ca lcu la t ions  appea r  in F igs .  3 and 4. 

For  given va lues  of the n u m b e r s  F 0 and Z0, a c c o r d i n g  to F ig .3 ,  a l imi t ing  t e m p e r a t u r e  level  | m 
r  ~ m a y  be  de te rmined ,  which is  a t ta inable  in a two-zone  chamber ;  a c c o r d i n g  to F ig .  4, we can d e t e r -  
mine  the r a t i o  ZI~ which is  the r a t i o  of the length  of the f i r s t  zone to  the tota l  c h a m b e r  length in an 
o p t i m u m  cons t ruc t ion ,  and a l so  the coo rd ina t e  F m of the point with m i n i m u m  t e m p e r a t u r e .  
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F i g .  3. G r a p h s  fo r  c a l c u l a t i o n  of m i n i m u m  
t e m p e r a t u r e  ~ m  in l a y e r  s e c t i o n  when m a -  
t e r i a l  i s  t r e a t e d  in a t w o - z o n e  c h a m b e r  wi th  
a n  o p t i m u m  zone  l eng th  r a t i o  |  = (t} - t ( F  m,  
ro, zo, zo))/(t~_to ). 

3. The  a l g o r i t h m  for  so lv ing  t h i s  p r o b l e m  wi th  the  a i d  of F i g s .  3 and  4 i s  a s  fo l l ows .  F o r  g iven  v a l -  
ue s  of |  and  F 0 we d e t e r m i n e  (F ig .  3) the  t o t a l  l a y e r  hea t ing  t i m e  Z 0 {total c h a m b e r  length)  and  then,  
knowing the  v a l u e s  of F 0 and Z 0, we d e t e r m i n e  the  r a t i o  Z I ~  0 and the  c o o r d i n a t e  F m {Fig.  4) of the  co ld  

poin t  of the  l a y e r  i t s e l f .  

We c o n s i d e r  f i r s t  the  c a l c u l a t i o n  of a t w o - z o n e  c h a m b e r  for  heat  t r e a t m e n t  of a m i n e r a l i z e d  coa t ing  
of m i n i m u m  length  { P r o b l e m  3). The  i n i t i a l  da t a  a r e :  x 0 = 0.1 m; w_ = 0.4 m ] s e c ;  s 0 = 20 �9 103 • 1.163 k J  
/ m  3 �9 s e c  �9 deg; Cg = 4190 • 0.3 k J / m  3" deg; c = 600 x 4190 k J / m  ~. de~; m = 0.96; t o = 20~ t~ = 210~ 

We w i s h  to  c a l c u l a t e  the  zone l eng th  r a t i o  of a t w o - z o n e  h e a t - t r e a t m e n t  c h a m b e r  which  e n s u r e s  h e a t -  
ing  of e ach  po in t  of the  coa t i ng  to a g iven  t e m p e r a t u r e  t m = 180~ in the  m i n i m u m  t i m e .  F r o m  F i g s .  (3) 
and  (4) we d e t e r m i n e  the  v a l u e s  of the  t h i c k n e s s  n u m b e r  F 0 - 4.85 and the  t e m p e r a t u r e  @m = 0.158; f r o m  
F i g . 3  we f ind Z 0 = 7.80.  Next,  f r o m  F i g . 4  we have  F m = 0.24; Z~ = 0.86.  

F o r  a s i n g l e - z o n e  h e a t - t r e a t m e n t  c h a m b e r  the  g iven  t e m p e r a t u r e  in t h i s  e x a m p l e  i s  r e a c h e d  only  
fo r  Z 0 = 9.2.  When the  zone  l e n g t h s  a r e  equal ,  i . e . ,  when  Z 1 = Z0/2, the  v a l u e  |  = 0.158 i s  r e a c h e d  only  
for  Z 0 = 9.6, i . e . ,  in both  c a s e s  we have a n  i n c r e a s e  in  the  to ta l  hea t ing  t i m e  of r o u g h l y  20% in c o m p a r i s o n  

wi th  the  o p t i m u m .  

We c o n s i d e r  ye t  a n o t h e r  e x a m p l e .  A s s u m e  we  have  the  fo l lowing  f ixed  v a l u e s :  F 0 = 7.0 and  Z 0 = 9.0.  
What  wi l l  be  the  m a x i m u m  d i m e n s i o n l e s s  t e m p e r a t u r e  |  a t  a l a y e r  s e c t i o n  fo r  v a r i o u s  zone l eng th  r a -  

t i o s  ? 

' m/ro ,I : 1 " 

o4I ~ _ . ~ . J  

9" ,~ ----.___~._.-- ----~ 
o.2 ~ - .__- - -F - - -F - -  -] 
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F i g .  4. G r a p h s  fo r  c a l c u l a t i o n  of r e s i d e n c e  t i m e  of m a t e r i a l  in 
f i r s t  zone (Zl  ~ and for  c a l c u l a t i o n  of c o o r d i n a t e  F m of poin t  wi th  
m i n i m u m  t e m p e r a t u r e  fo r  a t w o - z o n e  c h a m b e r  wi th  an  o p t i m u m  
zone l eng th  r a t i o .  
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I. One-sided blow-through, Z 1 = 0; O m = 0.354. 

II. Two-zone chamber  for Z i = Z0/2 = 4.5; @m = 0.331. 

III. Optimum zone ratio,  Z 1 = Zt ~ = 0.88Z 0 = 7.9; Om = 0.245. 

A compar i son  of the resu l t s  obtained in the two-zone heat t reatment  of a layer  with an optimum zone 
length ra t io  with the one-zone and two-zone t reatment  with equal zones shows that the saving in heating 
t ime of a layer  to a given tempera ture ,  resul t ing f rom optimization, amounts to 5 to 25%, depending on the 
initial c r i t e r i a  of the problem.  

For a significant layer  " thickness" (F 0 > 5) and for large heating "t imes" Z 0 > 20, 'the optimum zone 
ratio,  as can be seen f rom Fig.4,  is Z~ ~ 0.95. In this region the two-zone chamber with equal zones 
resu l t s  in significant losses  at a definite layer  t empera ture .  Thus, for F 0 = 9 and Z 0 = 21, in the single-  
zone chamber  we have a maximum dimensionless  t empera ture  O m = 0.01606; in the two-zone chamber,  
with Z 1 = Z0/2 = 4.5, we have O m = 0.0843; for the optimum zone ratio,  Z 1 = Z~ = 0.94Z0; O m = 0.00981. 

The graphs presented here can be used both for designing two-zone heat - t rea tment  chambers  for heat 
t reat ing porous mater ia l s  by a blow-through p roce s s  and also for est imating the effectiveness of opera t -  
ing assembl ies  of a s imilar  type. 
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is the time; 
is the coordinate along the height of the layer;  
a re  the length of the f i rs t  zone of the the rmal - t r ea tmen t  chamber  and the overall  length of the 
chamber;  
a re  the t ime of t reatment  in the f irst  zone and the overall  heating time of the layer;  
is the t empera tu re  of the layer  and the hea t - t ransfer  agent; 
a re  the tempera ture  of the hea t - t r ans fe r  agent at the entrance to the layer  and the initial t em-  
pera ture  of the layer;  
is the minimum tempera ture  in the layer  section; 
is the coordinate of the point with the minimum temperature;  
is the optimum time of t reatment  in the f i rs t  zone; 
is the thickness of the layer;  
a re  the specific heat capaci ty of the hea t - t ransfer  agent and the mater ia l  of the layer; 
is the coefficient of porosity;  
is the 
is the 
is the 
is the 
is the 

volume hea t - t ransfer  coefficient; 
ra te  of injection of the hea t - t ransfer  agent; 
ra te  of passage of the mater ia l  through the t reatment  zones; 
angle of inclination of the linear t empera ture  distribution in the layer;  
mean tempera tu re  of the layer .  
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